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We consider the one-dimensional (1D) topological superconductor that may form in a planar
superconductor-metal-superconductor Josephson junction in which the metal is is subjected to spin
orbit coupling and to an in-plane magnetic field. This 1D topological superconductor has been the
subject of recent theoretical and experimental attention. We examine the effect of perpendicular
magnetic field and a supercurrent driven across the junction on the position and structure of the
Majorana zero modes that are associated with the topological superconductor. In particular, we
show that under certain conditions the Josephson vortices fractionalize to half-vortices, each carrying
half of the superconducting flux quantum and a single Majorana zero mode. Furthemore, we show
that the system allows for a current-controlled braiding of Majorana zero modes.
Introduction.—Significant progress has been made in
recent years towards realizing topologically-protected
zero modes in condensed matter systems [1, 2]. Among
their special properties, these states, known as Majorana
zero modes (MZMs), attracted a lot of attention because
of their non-Abelian exchange properties [3, 4], that may
enable them to store and manipulate quantum informa-
tion in a robust topologically-protected manner.
Majorana zero modes appear, for example, at vor-
tex cores of two-dimensional topological superconduc-
tors [5, 6] and at the ends of one-dimensional topolog-
ical superconductors [7]. Topological superconductivity
can be engineered in carefully designed hybrid systems of
conventional superconductors and conventional materials
with strong spin-orbit coupling [8–12]; several platforms
realizing this state of matter have been explored [13–16].
In particular, much effort has been devoted to systems
of semiconductor nanowires coupled to superconductors.
There is mounting evidence that the long-sought Majo-
rana zero modes appear at the ends of the wires when
the system enters the topological phase.
These remarkable developments call for the next steps
towards demonstrating non-Abelian statistics, and raise
the question of what is the ideal physical platform to
control, manipulate and probe Majorana zero modes.
Looking further, one would ultimately like to be able
to construct complex networks of many interlinked zero
modes and be able to manipulate them at will. To that
end, physical realizations of Majorana zero modes that
allow for new experimental knobs to control them are
highly desirable. Recent experiments in two dimensional
electron gases (2DEGs) with strong spin-orbit coupling
(SOC) have demonstrated robust proximity coupling to
superconductors [17, 18], opening a new promising path
in these directions.
In this work, we focus on a new setup proposed re-
cently to realize one-dimensional topological supercon-
ductivity in a planar Josephson junction [19–21]. The
setup is shown schematically in Fig. [1]. Two super-
conducting films are deposited on top of a 2DEG with
Rashba Spin-Orbit coupling. The resulting sub-gap An-
dreev bound states form an effective one-dimensional sys-
tem, that can be controlled either by applying a mag-
netic field parallel to the junction B||, or by varying the
phase difference ϕ between the two superconductors. It
was recently shown [19, 20] that this system can read-
ily enter a one-dimensional superconducting phase with
Majorana zero modes at its ends. In particular, for a
given magnetic field B|| there is a range of phase dif-
ferences ϕ−(B||) < ϕ < ϕ+(B||) in which the junction
hosts such Majorana zero modes at its ends. When the
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Figure 1. (a) Planar Josephson junction connecting two SC
leads through a 2DEG with Rashba SOC, in the presence of
an in-plane and a perpendicular magnetic field. The Joseph-
son vortices in the junction can split into fractional vortices
carrying fractions of the SC flux quantum hc/2e. (b) Phase
diagram of the junction, viewed as a 1D system, as a func-
tion of the phase difference ϕ between the two SCs and the
parallel magnetic field (see Ref. [19]). (c) ϕ(x) along the
junction for different values of B‖ close to the critical value,
gµBB‖,cW/vF = pi/4, at which the ground state of the junc-
tion switches from ϕ ≈ 0 (within the topologically trivial
phase) and ϕ ≈ pi (in the topological phase). (d) Energy-
phase relations for the values of B‖ in panel (c).
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2phase difference is ϕ = pi, the topological phase is most
stable. Moreover, when the phase difference is not exter-
nally controlled and a magnetic field is applied parallel to
the junction, the phase can self-tune to a value near pi via
a first-order phase transition, driving the system into the
topological phase. Disorder can have a stabilizing effect
on the MZMs associated with the topological phase [22].
The studies were motivated by an experiment [23] that
realized such a system, and were followed by experimen-
tal studies that observed signatures of MZMs in these
systems [24, 25].
Here we add two additional tuning knobs to the set-up,
a magnetic field B⊥ perpendicular to the junction and a
supercurrent I driven across the junction. We explore
the way by which these two knobs may serve to con-
trol and manipulate topologically protected zero modes
in this system, exploiting its unique properties.
In our discussion we distinguish between cases where
screening currents are significant or insignificant. In the
first case, realized in junctions that are longer than the
Josephson screening length (L  λJ), the perpendicu-
lar magnetic field creates Josephson vortices [26]. We
analyze the structure of these vortices in the junction
and find that, if the system is tuned near the 0 to pi
first-order transition, a Josephson vortex tends to spon-
taneously “fractionalize” into two half-vortices (carrying
a flux of Φ0/2 = hc/4e each). Each half vortex is ef-
fectively a domain wall between the topological and the
trivial phases of the junction; as a result, it carries a
protected Majorana zero mode. We also analyze the po-
sition of MZMs in different geometries and the way it is
affected by the screening currents.
For the case where screening currents are insignificant
(L  λJ) we propose a tri-junction structure [27, 28]
where supercurrents between the different parts of the
junction serve to control the location of the Majorana
zero modes and their coupling. This control allows for
a scheme that braids the Majorana zero modes, thus re-
vealing their non-Abelian properties.
Phase configuration and position of MZMs as a func-
tion of B⊥ and I.—We start by considering the effect
of B⊥ and I on the phase configuration in the junction.
Generally, the phase configuration ϕ(x) in a long Joseph-
son junction is determined by balancing two energies:
the magnetic energy, whose density is proportional to
(∂xϕ)
2, and the washboard potential Josephson energy,
whose density depends on ϕ(x) itself through the Joseph-
son energy per unit length, V
(
ϕ(x)
)
. The balance leads
to the equation [26]
κ∂2xϕ(x) = V
′(ϕ(x)). (1)
Here, κ ≡ Φ202piµ0(w+2λL) , where w is the width of the junc-
tion, λL is the London penetration depth of the supercon-
ductor, and µ0 is the permeability of the vacuum. The
current I through the junction constrains the phase to
satisfy
2pi
Φ0
ˆ L
0
V ′ (ϕ(x)) dx = I. (2)
The unique properties of the junction we consider are
reflected in the potential V (ϕ), as we review below.
When the Josephson coupling V (ϕ) is small (a condi-
tion defined more precisely below), Eq. (1) may be solved
by iterations. At the lowest iteration the right-hand side
is set to zero and the phase configuration obtained is
ϕ(x) = ϕ0 + βx. (3)
The magnetic field controls the gradient of the phase and
sets β = (2λL +w)B⊥/Φ0. The determination of ϕ0, the
value of the phase difference at x = 0, depends on geom-
etry. When the current I is controlled, ϕ0 is found by
substituting (3) in the expression for the current across
the junction and solving Eq. (2). In contrast, in a flux-
loop geometry the current across the junction is not con-
trolled. Rather, it is the flux in the loop that determines
ϕ0.
For a given phase configuration, the junction we con-
sider may host MZMs at its ends or at its bulk. An
MZM occurs at the x = 0, L ends when the phase
at these points is within the topological regime, i.e.,
ϕ− + 2pin < ϕ(x = 0, L) < ϕ+ + 2pin, where ϕ± are the
critical values of the phase where the topological transi-
tion occurs, that depend on B‖ (see Fig. 1), and n is an
integer. In contrast, MZMs at the bulk would occur at
the transition points x± between topological and trivial
segments, i.e., points defined by ϕ(x±) = ϕ±.
The spatial extent of the MZMs is determined by the
energy gap. For the MZMs at the ends of the junction
the gap is the bulk gap ∆0 and the localization length
is ξ0M = hv/∆0, with v a characteristic velocity. For
the MZMs at a domain wall between the two phases in
the bulk of the junction the gap vanishes at the critical
points ϕ± and is proportional to |ϕ− ϕ±| close to those
points. The phase varies linearly with position close to
x±. As long as this variation is slow, we may define a
local gap ∆(x) ≈ ∆0 |x−x±|∆x , where ∆x ∼ 1/β ∝ 1/B⊥ is
the distance over which the phase varies from ϕ± to the
value where the gap is maximal. With the gap vary-
ing linearly with position, we estimate ξM by solving
ξM = ~v/(∆ξM ), which gives ξM = max
(
ξ0M ,
√
ξ0M∆x
)
.
For small B⊥, the MZMs are well separated and their
coupling is small, independently of the ratio of ∆x to
ξ0M . This is since the distance between the MZMs scales
with 1/B⊥, while ξM scales at most as 1/
√
B⊥.
As an example to the way MZMs may be manipulated
we consider a junction that hosts four MZMs. That may
happen when the phase ϕ(x) is in the topological regime
at both ends x = 0, L, but with values of n that differ
by one. Two of these modes γ1,4 are located at the junc-
tion ends x = 0, L. The other two, γ2,3 are located at
3the points x± where ϕ = ϕ±, respectively. Now, when
a current is applied, the phase configuration shifts ac-
cording to (2). For weak currents, the zero modes at
x = 0, L do not move, but the points x± move, keeping
x+−x− constant. Thus, the coupling between γ1 and γ2
and the coupling between γ3 and γ4 would be affected by
a current driven through the junction. A small variation
of the perpendicular magnetic field, on the other hand,
would affect all distances between the zero modes, and
therefore all nearest-neighbors couplings.
Overall then, in the limit of weak Josephson coupling,
well separated MZMs may be created in pairs, moved,
and annihilated in pairs by varying ϕ0 and β, i.e., by
varying B⊥ and I. For a fixed B|| MZM pairs are cre-
ated and annihilated at the ends. Below, we will analyze
the way B⊥ and I may be employed to braid pairs of
MZMs. Before doing so, however, we turn to examine
what happens when the Josephson coupling is not weak.
For the context of the present discussion the strength
of the coupling is determined by the ratio of the Joseph-
son screening length λJ to the junction length L. Our
discussion has so far assumed L  λJ , a case in which
the magnetic field created by the Josephson current is
negligible, and Eq. (3) is a good approximation. In the
opposite limit, L  λJ , the magnetic field created by
the Josphson currents is not negligible, the flux is either
screened to be within a distance λJ from the junction’s
ends or penetrates the junction in the form of Josephson
vortices, and the phase configuration is more complicated
than the form (3).
For an SIS junction, where V (ϕ) = J(1− cosϕ), this
limit is well studied. Eq. (1) becomes the Sine-Gordon
equation, and the Josephson vortex is a soliton that con-
nects minima points of ϕn = 2pin [26]. When no vortex
penetrates the junction, the phase generally varies only
over a distance λJ from one of the junction’s ends, and
assumes one of the values ϕn further into the junction’s
bulk. The end where the phase varies is the end where the
Josephson currents flows, and it depends on the geometry
(see Supplementary Material). When vortices penetrate
the junction, they connect between neighboring values of
ϕn.
The SNS junction we deal with has a different poten-
tial V (ϕ). This potential is affected by the parallel field
B||, due to the effect of B|| on the Andreev spectrum.
Generally, V (ϕ) has local minima ϕ1,2 [see Fig. 1(d)]. In
the limit where the spin-orbit energy is much larger than
the Zeeman energy these points are ϕ1,2 ≈ 0, pi [19]. The
parallel field B|| determines which of the two is the global
minimum. The soliton then starts and ends with ϕ at the
global minimum, but acquires a region where ϕ is near
the local minimum, and varies slowly [see Fig. 1(c)]. Re-
markably, at the critical magnetic fieldB||,c where the po-
tential V (ϕ) has two degenerate minima V (ϕ1) = V (ϕ2)
the vortex splits to two half-vortices, each carrying a flux
hc/4e. Since each half vortex spans a phase range of pi,
each will carry one MZM. Away from B||,c vortices are
2pi-vortices. As such they go through one pair of ϕ± val-
ues, and hence carry two MZMs, localized again at the
points x±. Close to the transition the separation between
the two MZMs is of the order of λJ log(B‖,c/|B‖−B‖,c|),
while far from the transition it approaches λJ . In both
cases, their spatial extent is ξM = max
(
ξ0M ,
√
ξ0MλJ
)
.
The coupling between the two MZMs is then a function
of the ratio of ξM and λJ , and is not guaranteed to be
small.
Braiding scheme.—Aiming towards a scheme for braid-
ing, we now come back to the case of λJ  L, where
the coupling between MZMs may be better controlled.
Braiding of zero modes requires going beyond one di-
mension [27, 28]. To that end, we consider a tri-junction
geometry shown in Fig. 2(a). The coordinates along the
three junctions are 0 < xi < L (i = 1, 2, 3). The three
junctions meet at one point, xi = 0.
The phase configuration of the tri-junction is deter-
mined by three equations of the form (1), augmented by
the following boundary conditions:
ϕ1(x1 = 0) + ϕ2(x2 = 0) + ϕ3(x3 = 0) = 2pin, (4)
∂xϕ1(x1 = 0) = ∂xϕ2(x2 = 0) = ∂xϕ3(x3 = 0), (5)
2piκ
Φ0
[∂xϕi(xi = L)− ∂xϕi(xi = 0)] = I˜i. (6)
Here, I˜i is the current flowing through the ith junc-
tion. The phase of the superconductors can wind by 2pin
around the point xi = 0, where n is an integer. Since
ϕ denotes the phase-difference between the two super-
conductors that form a junction, the 2pin phase winding
translates to the condition (4). The perpendicular mag-
netic field is continuous at the meeting point xi = 0, lead-
ing to the two equations (5). Finally, the imposition of
the current through the junctions enforces the last equa-
tion. Note that the three currents through the junctions,
I˜i, are not independently controllable. Rather, by con-
tacting the three superconductors in the junction we may
control the three current differences Ii,i+1 = I˜i−I˜i+1, out
of which only two are independent [see Fig. 2(a.1)]. The
currents I˜i may also include a circulating diamagnetic
component which is not controlled by contacts.
In the presence of a perpendicular magnetic field,
the phase varies linearly with the position along the
junctions, according to Eq. (3) [Fig. 2(b)]. We focus
on the case n = 0 in (4), in which the three phases
ϕi(x = 0) which we denote by ϕi,0 are confined the plane∑
i=1..3 ϕi,0 = 0 [see Fig. 2(c)].
We shall label the phase configuration of the ith junc-
tion by a pair of binary digits χi = {χie, χic}, according
to whether the exterior end point, xi = L, and the cen-
tral point, xi = 0, are in the topological (χ
i
e,c = 1) or
in the trivial (χie,c = 0) phase. If the magnetic field is
weak enough, we are guaranteed that if χie,c are either
4(a)
'1,2(x)
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'1
<latexit s ha1_base64="4bPkkkT 2GQl16hxcIcg32Vf6ep c=">AAAB8HicdVDLSgN BEOz1GeMr6tHLYBA8hV 1R9Bjw4jGCeUiyhNnJJ BkyM7vM9AbCkq/w4kER r36ON//GSbJCFC1oKKq 66e6KEiks+v6nt7K6tr 6xWdgqbu/s7u2XDg4bN k4N43UWy9i0Imq5FJrX UaDkrcRwqiLJm9HoZuY 3x9xYEet7nCQ8VHSgRV 8wik566IypSYaiG3RLZ b/iz0GWyOWCBLlShhy1 bumj04tZqrhGJqm17cB PMMyoQcEknxY7qeUJZS M64G1HNVXchtn84Ck5d UqP9GPjSiOZq8sTGVXW TlTkOhXFof3tzcS/vHa K/eswEzpJkWu2WNRPJc GYzL4nPWE4QzlxhDIj3 K2EDamhDF1GRRfC96fk f9I4rwR+Jbi7KFf9PI4 CHMMJnEEAV1CFW6hBHR goeIRnePGM9+S9em+L1 hUvnzmCH/DevwCnWJA9 </latexit><latexit s ha1_base64="4bPkkkT 2GQl16hxcIcg32Vf6ep c=">AAAB8HicdVDLSgN BEOz1GeMr6tHLYBA8hV 1R9Bjw4jGCeUiyhNnJJ BkyM7vM9AbCkq/w4kER r36ON//GSbJCFC1oKKq 66e6KEiks+v6nt7K6tr 6xWdgqbu/s7u2XDg4bN k4N43UWy9i0Imq5FJrX UaDkrcRwqiLJm9HoZuY 3x9xYEet7nCQ8VHSgRV 8wik566IypSYaiG3RLZ b/iz0GWyOWCBLlShhy1 bumj04tZqrhGJqm17cB PMMyoQcEknxY7qeUJZS M64G1HNVXchtn84Ck5d UqP9GPjSiOZq8sTGVXW TlTkOhXFof3tzcS/vHa K/eswEzpJkWu2WNRPJc GYzL4nPWE4QzlxhDIj3 K2EDamhDF1GRRfC96fk f9I4rwR+Jbi7KFf9PI4 CHMMJnEEAV1CFW6hBHR goeIRnePGM9+S9em+L1 hUvnzmCH/DevwCnWJA9 </latexit><latexit s ha1_base64="4bPkkkT 2GQl16hxcIcg32Vf6ep c=">AAAB8HicdVDLSgN BEOz1GeMr6tHLYBA8hV 1R9Bjw4jGCeUiyhNnJJ BkyM7vM9AbCkq/w4kER r36ON//GSbJCFC1oKKq 66e6KEiks+v6nt7K6tr 6xWdgqbu/s7u2XDg4bN k4N43UWy9i0Imq5FJrX UaDkrcRwqiLJm9HoZuY 3x9xYEet7nCQ8VHSgRV 8wik566IypSYaiG3RLZ b/iz0GWyOWCBLlShhy1 bumj04tZqrhGJqm17cB PMMyoQcEknxY7qeUJZS M64G1HNVXchtn84Ck5d UqP9GPjSiOZq8sTGVXW TlTkOhXFof3tzcS/vHa K/eswEzpJkWu2WNRPJc GYzL4nPWE4QzlxhDIj3 K2EDamhDF1GRRfC96fk f9I4rwR+Jbi7KFf9PI4 CHMMJnEEAV1CFW6hBHR goeIRnePGM9+S9em+L1 hUvnzmCH/DevwCnWJA9 </latexit><latexit s ha1_base64="4bPkkkT 2GQl16hxcIcg32Vf6ep c=">AAAB8HicdVDLSgN BEOz1GeMr6tHLYBA8hV 1R9Bjw4jGCeUiyhNnJJ BkyM7vM9AbCkq/w4kER r36ON//GSbJCFC1oKKq 66e6KEiks+v6nt7K6tr 6xWdgqbu/s7u2XDg4bN k4N43UWy9i0Imq5FJrX UaDkrcRwqiLJm9HoZuY 3x9xYEet7nCQ8VHSgRV 8wik566IypSYaiG3RLZ b/iz0GWyOWCBLlShhy1 bumj04tZqrhGJqm17cB PMMyoQcEknxY7qeUJZS M64G1HNVXchtn84Ck5d UqP9GPjSiOZq8sTGVXW TlTkOhXFof3tzcS/vHa K/eswEzpJkWu2WNRPJc GYzL4nPWE4QzlxhDIj3 K2EDamhDF1GRRfC96fk f9I4rwR+Jbi7KFf9PI4 CHMMJnEEAV1CFW6hBHR goeIRnePGM9+S9em+L1 hUvnzmCH/DevwCnWJA9 </latexit>
'2
<latexit sh a1_base64="8DHwtVrwQ h63r6nb1JId25YfI6w=" >AAAB8HicdVBNSwMxEJ3 Ur1q/qh69BIvgqewWRY8 FLx4r2A9pl5JNs21okl2 SbKEs/RVePCji1Z/jzX9 j2q5QRR8MPN6bYWZemAh urOd9osLa+sbmVnG7tLO 7t39QPjxqmTjVlDVpLGL dCYlhgivWtNwK1kk0IzI UrB2Ob+Z+e8K04bG6t9O EBZIMFY84JdZJD70J0cm I92v9csWregvgFXK5JH6 uVCBHo1/+6A1imkqmLBX EmK7vJTbIiLacCjYr9VL DEkLHZMi6jioimQmyxcE zfOaUAY5i7UpZvFBXJzI ijZnK0HVKYkfmtzcX//K 6qY2ug4yrJLVM0eWiKBX Yxnj+PR5wzagVU0cI1dz diumIaEKty6jkQvj+FP9 PWrWq71X9u4tK3cvjKMI JnMI5+HAFdbiFBjSBgoR HeIYXpNETekVvy9YCyme O4QfQ+xeo3JA+</latex it><latexit sh a1_base64="8DHwtVrwQ h63r6nb1JId25YfI6w=" >AAAB8HicdVBNSwMxEJ3 Ur1q/qh69BIvgqewWRY8 FLx4r2A9pl5JNs21okl2 SbKEs/RVePCji1Z/jzX9 j2q5QRR8MPN6bYWZemAh urOd9osLa+sbmVnG7tLO 7t39QPjxqmTjVlDVpLGL dCYlhgivWtNwK1kk0IzI UrB2Ob+Z+e8K04bG6t9O EBZIMFY84JdZJD70J0cm I92v9csWregvgFXK5JH6 uVCBHo1/+6A1imkqmLBX EmK7vJTbIiLacCjYr9VL DEkLHZMi6jioimQmyxcE zfOaUAY5i7UpZvFBXJzI ijZnK0HVKYkfmtzcX//K 6qY2ug4yrJLVM0eWiKBX Yxnj+PR5wzagVU0cI1dz diumIaEKty6jkQvj+FP9 PWrWq71X9u4tK3cvjKMI JnMI5+HAFdbiFBjSBgoR HeIYXpNETekVvy9YCyme O4QfQ+xeo3JA+</latex it><latexit sh a1_base64="8DHwtVrwQ h63r6nb1JId25YfI6w=" >AAAB8HicdVBNSwMxEJ3 Ur1q/qh69BIvgqewWRY8 FLx4r2A9pl5JNs21okl2 SbKEs/RVePCji1Z/jzX9 j2q5QRR8MPN6bYWZemAh urOd9osLa+sbmVnG7tLO 7t39QPjxqmTjVlDVpLGL dCYlhgivWtNwK1kk0IzI UrB2Ob+Z+e8K04bG6t9O EBZIMFY84JdZJD70J0cm I92v9csWregvgFXK5JH6 uVCBHo1/+6A1imkqmLBX EmK7vJTbIiLacCjYr9VL DEkLHZMi6jioimQmyxcE zfOaUAY5i7UpZvFBXJzI ijZnK0HVKYkfmtzcX//K 6qY2ug4yrJLVM0eWiKBX Yxnj+PR5wzagVU0cI1dz diumIaEKty6jkQvj+FP9 PWrWq71X9u4tK3cvjKMI JnMI5+HAFdbiFBjSBgoR HeIYXpNETekVvy9YCyme O4QfQ+xeo3JA+</latex it><latexit sh a1_base64="8DHwtVrwQ h63r6nb1JId25YfI6w=" >AAAB8HicdVBNSwMxEJ3 Ur1q/qh69BIvgqewWRY8 FLx4r2A9pl5JNs21okl2 SbKEs/RVePCji1Z/jzX9 j2q5QRR8MPN6bYWZemAh urOd9osLa+sbmVnG7tLO 7t39QPjxqmTjVlDVpLGL dCYlhgivWtNwK1kk0IzI UrB2Ob+Z+e8K04bG6t9O EBZIMFY84JdZJD70J0cm I92v9csWregvgFXK5JH6 uVCBHo1/+6A1imkqmLBX EmK7vJTbIiLacCjYr9VL DEkLHZMi6jioimQmyxcE zfOaUAY5i7UpZvFBXJzI ijZnK0HVKYkfmtzcX//K 6qY2ug4yrJLVM0eWiKBX Yxnj+PR5wzagVU0cI1dz diumIaEKty6jkQvj+FP9 PWrWq71X9u4tK3cvjKMI JnMI5+HAFdbiFBjSBgoR HeIYXpNETekVvy9YCyme O4QfQ+xeo3JA+</latex it>
I23
<latexit sha 1_base64="jCld+hrqJ9kB3W N8U2yWFRLaWPk=">AAAB7Xic dVBNSwMxEJ2tX7V+VT16CRbB U9mtFT0WvOitgv2AdinZNNv GZpMlyQpl6X/w4kERr/4fb/4 bs+0KVfTBwOO9GWbmBTFn2rj up1NYWV1b3yhulra2d3b3yv sHbS0TRWiLSC5VN8CaciZoyz DDaTdWFEcBp51gcpX5nQeqNJ Pizkxj6kd4JFjICDZWat8M0t rZbFCuuFV3DrREzhfEy5UK5 GgOyh/9oSRJRIUhHGvd89zY+ ClWhhFOZ6V+ommMyQSPaM9Sg SOq/XR+7QydWGWIQqlsCYPm6 vJEiiOtp1FgOyNsxvq3l4l/ eb3EhJd+ykScGCrIYlGYcGQk yl5HQ6YoMXxqCSaK2VsRGWOF ibEBlWwI35+i/0m7VvXcqnd brzTqeRxFOIJjOAUPLqAB19C EFhC4h0d4hhdHOk/Oq/O2aC0 4+cwh/IDz/gUAiI6y</latex it><latexit sha 1_base64="jCld+hrqJ9kB3W N8U2yWFRLaWPk=">AAAB7Xic dVBNSwMxEJ2tX7V+VT16CRbB U9mtFT0WvOitgv2AdinZNNv GZpMlyQpl6X/w4kERr/4fb/4 bs+0KVfTBwOO9GWbmBTFn2rj up1NYWV1b3yhulra2d3b3yv sHbS0TRWiLSC5VN8CaciZoyz DDaTdWFEcBp51gcpX5nQeqNJ Pizkxj6kd4JFjICDZWat8M0t rZbFCuuFV3DrREzhfEy5UK5 GgOyh/9oSRJRIUhHGvd89zY+ ClWhhFOZ6V+ommMyQSPaM9Sg SOq/XR+7QydWGWIQqlsCYPm6 vJEiiOtp1FgOyNsxvq3l4l/ eb3EhJd+ykScGCrIYlGYcGQk yl5HQ6YoMXxqCSaK2VsRGWOF ibEBlWwI35+i/0m7VvXcqnd brzTqeRxFOIJjOAUPLqAB19C EFhC4h0d4hhdHOk/Oq/O2aC0 4+cwh/IDz/gUAiI6y</latex it><latexit sha 1_base64="jCld+hrqJ9kB3W N8U2yWFRLaWPk=">AAAB7Xic dVBNSwMxEJ2tX7V+VT16CRbB U9mtFT0WvOitgv2AdinZNNv GZpMlyQpl6X/w4kERr/4fb/4 bs+0KVfTBwOO9GWbmBTFn2rj up1NYWV1b3yhulra2d3b3yv sHbS0TRWiLSC5VN8CaciZoyz DDaTdWFEcBp51gcpX5nQeqNJ Pizkxj6kd4JFjICDZWat8M0t rZbFCuuFV3DrREzhfEy5UK5 GgOyh/9oSRJRIUhHGvd89zY+ ClWhhFOZ6V+ommMyQSPaM9Sg SOq/XR+7QydWGWIQqlsCYPm6 vJEiiOtp1FgOyNsxvq3l4l/ eb3EhJd+ykScGCrIYlGYcGQk yl5HQ6YoMXxqCSaK2VsRGWOF ibEBlWwI35+i/0m7VvXcqnd brzTqeRxFOIJjOAUPLqAB19C EFhC4h0d4hhdHOk/Oq/O2aC0 4+cwh/IDz/gUAiI6y</latex it><latexit sha 1_base64="jCld+hrqJ9kB3W N8U2yWFRLaWPk=">AAAB7Xic dVBNSwMxEJ2tX7V+VT16CRbB U9mtFT0WvOitgv2AdinZNNv GZpMlyQpl6X/w4kERr/4fb/4 bs+0KVfTBwOO9GWbmBTFn2rj up1NYWV1b3yhulra2d3b3yv sHbS0TRWiLSC5VN8CaciZoyz DDaTdWFEcBp51gcpX5nQeqNJ Pizkxj6kd4JFjICDZWat8M0t rZbFCuuFV3DrREzhfEy5UK5 GgOyh/9oSRJRIUhHGvd89zY+ ClWhhFOZ6V+ommMyQSPaM9Sg SOq/XR+7QydWGWIQqlsCYPm6 vJEiiOtp1FgOyNsxvq3l4l/ eb3EhJd+ykScGCrIYlGYcGQk yl5HQ6YoMXxqCSaK2VsRGWOF ibEBlWwI35+i/0m7VvXcqnd brzTqeRxFOIJjOAUPLqAB19C EFhC4h0d4hhdHOk/Oq/O2aC0 4+cwh/IDz/gUAiI6y</latex it>
I12
<latexit sha 1_base64="QNfISRhQjPfuri UDIpq1Pgf1GZc=">AAAB7Xic dVDLSgNBEOz1GeMr6tHLYBA8 hd0Q0WPAi94imAckS5idzCZ j5rHMzAphyT948aCIV//Hm3/ jJFkhihY0FFXddHdFCWfG+v6 nt7K6tr6xWdgqbu/s7u2XDg 5bRqWa0CZRXOlOhA3lTNKmZZ bTTqIpFhGn7Wh8NfPbD1Qbpu SdnSQ0FHgoWcwItk5q3fSzoD rtl8p+xZ8DLZHzBQlypQw5G v3SR2+gSCqotIRjY7qBn9gww 9oywum02EsNTTAZ4yHtOiqxo CbM5tdO0alTBihW2pW0aK4uT 2RYGDMRkesU2I7Mb28m/uV1 UxtfhhmTSWqpJItFccqRVWj2 OhowTYnlE0cw0czdisgIa0ys C6joQvj+FP1PWtVK4FeC21q 5XsvjKMAxnMAZBHABdbiGBjS BwD08wjO8eMp78l69t0Xripf PHMEPeO9f/W6OsA==</latex it><latexit sha 1_base64="QNfISRhQjPfuri UDIpq1Pgf1GZc=">AAAB7Xic dVDLSgNBEOz1GeMr6tHLYBA8 hd0Q0WPAi94imAckS5idzCZ j5rHMzAphyT948aCIV//Hm3/ jJFkhihY0FFXddHdFCWfG+v6 nt7K6tr6xWdgqbu/s7u2XDg 5bRqWa0CZRXOlOhA3lTNKmZZ bTTqIpFhGn7Wh8NfPbD1Qbpu SdnSQ0FHgoWcwItk5q3fSzoD rtl8p+xZ8DLZHzBQlypQw5G v3SR2+gSCqotIRjY7qBn9gww 9oywum02EsNTTAZ4yHtOiqxo CbM5tdO0alTBihW2pW0aK4uT 2RYGDMRkesU2I7Mb28m/uV1 UxtfhhmTSWqpJItFccqRVWj2 OhowTYnlE0cw0czdisgIa0ys C6joQvj+FP1PWtVK4FeC21q 5XsvjKMAxnMAZBHABdbiGBjS BwD08wjO8eMp78l69t0Xripf PHMEPeO9f/W6OsA==</latex it><latexit sha 1_base64="QNfISRhQjPfuri UDIpq1Pgf1GZc=">AAAB7Xic dVDLSgNBEOz1GeMr6tHLYBA8 hd0Q0WPAi94imAckS5idzCZ j5rHMzAphyT948aCIV//Hm3/ jJFkhihY0FFXddHdFCWfG+v6 nt7K6tr6xWdgqbu/s7u2XDg 5bRqWa0CZRXOlOhA3lTNKmZZ bTTqIpFhGn7Wh8NfPbD1Qbpu SdnSQ0FHgoWcwItk5q3fSzoD rtl8p+xZ8DLZHzBQlypQw5G v3SR2+gSCqotIRjY7qBn9gww 9oywum02EsNTTAZ4yHtOiqxo CbM5tdO0alTBihW2pW0aK4uT 2RYGDMRkesU2I7Mb28m/uV1 UxtfhhmTSWqpJItFccqRVWj2 OhowTYnlE0cw0czdisgIa0ys C6joQvj+FP1PWtVK4FeC21q 5XsvjKMAxnMAZBHABdbiGBjS BwD08wjO8eMp78l69t0Xripf PHMEPeO9f/W6OsA==</latex it><latexit sha 1_base64="QNfISRhQjPfuri UDIpq1Pgf1GZc=">AAAB7Xic dVDLSgNBEOz1GeMr6tHLYBA8 hd0Q0WPAi94imAckS5idzCZ j5rHMzAphyT948aCIV//Hm3/ jJFkhihY0FFXddHdFCWfG+v6 nt7K6tr6xWdgqbu/s7u2XDg 5bRqWa0CZRXOlOhA3lTNKmZZ bTTqIpFhGn7Wh8NfPbD1Qbpu SdnSQ0FHgoWcwItk5q3fSzoD rtl8p+xZ8DLZHzBQlypQw5G v3SR2+gSCqotIRjY7qBn9gww 9oywum02EsNTTAZ4yHtOiqxo CbM5tdO0alTBihW2pW0aK4uT 2RYGDMRkesU2I7Mb28m/uV1 UxtfhhmTSWqpJItFccqRVWj2 OhowTYnlE0cw0czdisgIa0ys C6joQvj+FP1PWtVK4FeC21q 5XsvjKMAxnMAZBHABdbiGBjS BwD08wjO8eMp78l69t0Xripf PHMEPeO9f/W6OsA==</latex it>
I31
<latexit sha1_base64="qF AQtzkVJEDjVjzhcAOI9oX4ToI=">AAAB7XicdVBNSwMxEJ3U r1q/qh69BIvgqexqRY8FL3qrYGuhXUo2zbax2WRJskJZ+h+ 8eFDEq//Hm//GtF2hij4YeLw3w8y8MBHcWM/7RIWl5ZXVteJ 6aWNza3unvLvXMirVlDWpEkq3Q2KY4JI1LbeCtRPNSBwKdh eOLqf+3QPThit5a8cJC2IykDzilFgnta572ak/6ZUrXtWbA S+Qsznxc6UCORq98ke3r2gaM2mpIMZ0fC+xQUa05VSwSambG pYQOiID1nFUkpiZIJtdO8FHTunjSGlX0uKZujiRkdiYcRy6 zpjYofntTcW/vE5qo4sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLs CKGau1sxHRJNqHUBlVwI35/i/0nrpOp7Vf+mVqnX8jiKcAC HcAw+nEMdrqABTaBwD4/wDC9IoSf0it7mrQWUz+zDD6D3L/7 1jrE=</latexit><latexit sha1_base64="qF AQtzkVJEDjVjzhcAOI9oX4ToI=">AAAB7XicdVBNSwMxEJ3U r1q/qh69BIvgqexqRY8FL3qrYGuhXUo2zbax2WRJskJZ+h+ 8eFDEq//Hm//GtF2hij4YeLw3w8y8MBHcWM/7RIWl5ZXVteJ 6aWNza3unvLvXMirVlDWpEkq3Q2KY4JI1LbeCtRPNSBwKdh eOLqf+3QPThit5a8cJC2IykDzilFgnta572ak/6ZUrXtWbA S+Qsznxc6UCORq98ke3r2gaM2mpIMZ0fC+xQUa05VSwSambG pYQOiID1nFUkpiZIJtdO8FHTunjSGlX0uKZujiRkdiYcRy6 zpjYofntTcW/vE5qo4sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLs CKGau1sxHRJNqHUBlVwI35/i/0nrpOp7Vf+mVqnX8jiKcAC HcAw+nEMdrqABTaBwD4/wDC9IoSf0it7mrQWUz+zDD6D3L/7 1jrE=</latexit><latexit sha1_base64="qF AQtzkVJEDjVjzhcAOI9oX4ToI=">AAAB7XicdVBNSwMxEJ3U r1q/qh69BIvgqexqRY8FL3qrYGuhXUo2zbax2WRJskJZ+h+ 8eFDEq//Hm//GtF2hij4YeLw3w8y8MBHcWM/7RIWl5ZXVteJ 6aWNza3unvLvXMirVlDWpEkq3Q2KY4JI1LbeCtRPNSBwKdh eOLqf+3QPThit5a8cJC2IykDzilFgnta572ak/6ZUrXtWbA S+Qsznxc6UCORq98ke3r2gaM2mpIMZ0fC+xQUa05VSwSambG pYQOiID1nFUkpiZIJtdO8FHTunjSGlX0uKZujiRkdiYcRy6 zpjYofntTcW/vE5qo4sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLs CKGau1sxHRJNqHUBlVwI35/i/0nrpOp7Vf+mVqnX8jiKcAC HcAw+nEMdrqABTaBwD4/wDC9IoSf0it7mrQWUz+zDD6D3L/7 1jrE=</latexit><latexit sha1_base64="qF AQtzkVJEDjVjzhcAOI9oX4ToI=">AAAB7XicdVBNSwMxEJ3U r1q/qh69BIvgqexqRY8FL3qrYGuhXUo2zbax2WRJskJZ+h+ 8eFDEq//Hm//GtF2hij4YeLw3w8y8MBHcWM/7RIWl5ZXVteJ 6aWNza3unvLvXMirVlDWpEkq3Q2KY4JI1LbeCtRPNSBwKdh eOLqf+3QPThit5a8cJC2IykDzilFgnta572ak/6ZUrXtWbA S+Qsznxc6UCORq98ke3r2gaM2mpIMZ0fC+xQUa05VSwSambG pYQOiID1nFUkpiZIJtdO8FHTunjSGlX0uKZujiRkdiYcRy6 zpjYofntTcW/vE5qo4sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLs CKGau1sxHRJNqHUBlVwI35/i/0nrpOp7Vf+mVqnX8jiKcAC HcAw+nEMdrqABTaBwD4/wDC9IoSf0it7mrQWUz+zDD6D3L/7 1jrE=</latexit>
1 2 3
# of zero 
modes
2
4
6
2 3
(b)
1
'1,0
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Figure 2. (a.1–3) Proposed setup for braiding MZMs. Three Josephson junctions meet at a T junction. The perpendicular
magnetic field makes the superconducting phases ϕ1,2,3 vary along the junction. Whenever ϕ1,2,3(x) crosses one of the critical
values ϕ± or their 2pi equivalents, the corresponding junction undergos a topological phase transition. Red (white) lines indicate
segments of the junction that are in the topological (trivial) phase, respectively; the MZMs γa−f that form at the boundaries of
the topological regions are indicated by red circles. The externally injected currents I12, I23, and I31 shift the superconducting
phases, controlling the position of the MZMs. A certain closed path in the space of the currents then implements an exchange
of γa and γb. The configurations of the three junctions at three points along this path are shown in panels 1–3. (b) The phases
ϕ1,2,3(x) corresponding to the configuration shown in panel (a.1). The critical values ϕ± are indicated; the system is in the
trivial phase when ϕ− < ϕ < ϕ+, and in the topological phase otherwise. (c) The plane ϕ1,0 + ϕ2,0 + ϕ3,0 = 0 to which the
system is confined. ϕi,0 are controlled by the externally injected currents, according to Eq. (2). At the blue, green, and red
lines, ϕ1,0, ϕ2,0, or ϕ3,0, respectively cross one of the transition values (ϕ+ or ϕ−), either at the inner or outer edge of the
corresponding junction. The transition lines cut the plane into polygons, where each polygon hosts a fixed number of Majorana
zero modes. The polygons are colored according to that number. The braiding path, indicated by red arrows, connects the
three configurations 1–3 shown in panel (a). The left (right) white star marks the point where MZMs in junction 2 (1) are
both at the outer edge, respectively.
both 0 or both 1, then there are no topological phase
transitions in the ith junction. Thus, the six binary dig-
its χie, χ
i
c determine the number of Majorana zero modes
and their position. When χie = 1 the ith junction hosts
a zero mode at xi = L. When χ
i
e 6= χic the ith junction
hosts a Majorana mode somewhere between its two ends.
If
∑
i χ
i
c is odd then there is a zero mode at the central
point, xi = 0. Fig. 2(b) exemplifies two cases: one where
both ends are trivial (χ3 = {0, 0}), and another where
the exterior end point is topological, while the central
point is trivial (χ1,2 = {1, 0}).
Altogether, under these conditions the system may
host zero, two, four or six Majorana modes (a larger
number of Majorana modes requires a larger perpendic-
ular field, such that several transitions may take place
along one junction). Fig. 2(c) is colored according to the
number of Majorana modes hosted by the system as a
function of the phases at the center points, ϕi,0. At the
value of the perpendicular field chosen in the figure there
is no region where all junctions are trivial. Such a region
can occur for weaker fields.
Motion within the plane in Fig. 2(c) is driven by cur-
rents. The number of Majorana modes may vary when
such motion changes χic or χ
i
e. In particular, a transition
from χi = {0, 0} to {1, 0} indicates the creation of two
Majorana modes at the ith junction, initialized in the
vacuum state.
To perform braiding, we need to have at least four
Majorana modes. A smaller number does not allow for
non-abelian unitary transformations (since the overall
fermion parity is fixed). A braiding manipulation cor-
responds to a closed trajectory in the plane presented
in Fig. 2(c). The trajectory should be non-contractable
to a point, that is, it should encircle a region where the
number of Majorana modes is different from four.
An example to such a trajectory is shown in panel (c)
of Fig. 2. It is elaborated on in panels (a1–a3) of the Fig-
ure, and to greater details (including animation) in the
Supplementary Matreial. It begins with χ1 = χ2 = {1, 0}
and χ3 = {0, 0}. The system then hosts four Majorana
modes, which we denote by γa, γb, γe, γf . It is useful
to regard the central point xi = 0 as hosting two addi-
tional Majorana modes, γc, γd, that are strongly coupled
to each other. Moving the system to point (2) in panel
(c), across a transition line in which χ2, χ3 change to
{1, 1}, {0, 1}, respectively, leads to the situation depicted
in panel (a.2), where the modes γb, γc are coupled, while
γd is a zero mode. Next, moving the system to point 3 in
panel (c) we change χ2, χ3 to {0, 1}, {1, 1}, respectively
(panel (a.3)); then, γa, γc are strongly coupled, and γb is
a zero mode. The braiding is then completed by going
back to point (1), panel (a.1). This process effectively
interchanges γa and γb, and is described by the action
of the unitary operator e
pi
4 γaγb on the ground state sub-
space.
The same setup allows also to initialize the system in
5a certain state and measure the outcome of the braid-
ing. To initialize a pair of zero modes in a given state,
they can be nucleated from the vacuum; for example, it
is possible to tune the phases such that junction number
1 is entirely in the trivial state, (χ1 = {0, 0}), and then
the Majorana modes γb, γf are pushed to the outer end
of the junction and are strongly coupled to each other.
This situation is realized at the white star labeled as R
in Fig. 2(c). If the system is then coupled to a metal-
lic lead, γb, γf are initialized in their joint ground state
(e.g., iγbγf = 1). Tuning the phases back to the point
labelled as 1 in Fig. 2(c) (χ1 = {1, 0}) decouples γb and
γf , bringing them back to zero energy. Similarly, γa, γe
can be initialized by tuning the phases to the white star
labeled as L in Fig. 2(c).
The same process that allows initializing γb, γf allows
also to measure their joint parity after the braiding pro-
cess (exchanging γa, γb) is complete. This can be done by
bringing γb, γf to the end of junction 1, which removes
the degeneracy by coupling them to one another, and
then coupling the junction’s end to a quantum dot. The
current from the dot to the junction may then measure
the fermion occupation [29, 30].
In summary, in this paper we examined the effect of
a perpendicular magnetic field and a driving current on
one-dimensional topological superconductors formed at
the normal part of an SNS Josephson junction in the
presence of spin-orbit coupling and a parallel magnetic
field. In particular, we demonstrated the fractionaliza-
tion of Josephson vortices and the possibility of current-
controlled braiding of Majorana zero modes in this setup.
Acknowledgements.—A. S. and E. B. acknowledge sup-
port from CRC 183 of the Deutsche Forschungsgemein-
schaft. E. B. is grateful to the Aspen Center for Physics,
were part of this work was done. A. S. is supported by
the European Research Council (Project MUNATOP),
by the Israel Science Foundation and by Microsoft’s Sta-
tion Q.
[1] RM Lutchyn, EPAM Bakkers, LP Kouwenhoven,
P Krogstrup, CM Marcus, and Y Oreg, “Majo-
rana zero modes in superconductor–semiconductor het-
erostructures,” Nat. Rev. Mat. 3, 52–68 (2018).
[2] Ramo´n Aguado, “Majorana quasiparticles in condensed
matter,” Riv. Nuovo Cimento.
[3] Jason Alicea, “New directions in the pursuit of Majorana
fermions in solid state systems.” Rep. Prog. Phys. 75,
076501 (2012).
[4] C. W. J. Beenakker, “Search for Majorana Fermions in
Superconductors,” Ann. Rev. Condens. Matt. Phys. 4,
113–136 (2013).
[5] N. B. Kopnin and M. M. Salomaa, “Mutual friction in su-
perfluid 3He: Effects of bound states in the vortex core,”
Phys. Rev. B 44, 9667–9677 (1991).
[6] N. Read and D. Green, “Paired states of fermions in
two dimensions with breaking of parity and time-reversal
symmetries and the fractional quantum hall effect,”
Phys. Rev. B 61, 10267 (2000).
[7] A.Y. Kitaev, “Unpaired majorana fermions in quantum
wires,” Phys. Usp. 44, 131 (2001).
[8] Roman M. Lutchyn, Jay D. Sau, and S. Das Sarma,
“Majorana fermions and a topological phase transition in
semiconductor-superconductor heterostructures,” Phys.
Rev. Lett. 105, 077001 (2010).
[9] Jay D. Sau, Roman M. Lutchyn, Sumanta Tewari, and
S. Das Sarma, “Generic new platform for topological
quantum computation using semiconductor heterostruc-
tures,” Phys. Rev. Lett. 104, 040502 (2010).
[10] Yuval Oreg, Gil Refael, and Felix von Oppen, “Helical
liquids and majorana bound states in quantum wires,”
Phys. Rev. Lett. 105, 177002 (2010).
[11] S Nadj-Perge, IK Drozdov, BA Bernevig, and Ali Yaz-
dani, “Proposal for realizing majorana fermions in chains
of magnetic atoms on a superconductor,” Physical Re-
view B 88, 020407 (2013).
[12] Jelena Klinovaja, Peter Stano, Ali Yazdani, and
Daniel Loss, “Topological superconductivity and majo-
rana fermions in rkky systems,” Phys. Rev. Lett. 111,
186805 (2013).
[13] V. Mourik, K. Zuo, SM Frolov, SR Plissard, E. Bakkers,
and LP Kouwenhoven, “Signatures of majorana fermions
in hybrid superconductor-semiconductor nanowire de-
vices,” Science 336, 1003–1007 (2012).
[14] Anindya Das, Yuval Ronen, Yonatan Most, Yuval Oreg,
Moty Heiblum, and Hadas Shtrikman, “Zero-bias peaks
and splitting in an AlAlInAs nanowire topological su-
perconductor as a signature of Majorana fermions,” Nat.
Phys. 8, 887 (2012).
[15] SM Albrecht, AP Higginbotham, M Madsen, F Kuem-
meth, TS Jespersen, Jesper Nyg˚ard, P Krogstrup, and
CM Marcus, “Exponential protection of zero modes in
majorana islands,” Nature 531, 206–209 (2016).
[16] Stevan Nadj-Perge, Ilya K. Drozdov, Jian Li, Hua Chen,
Sangjun Jeon, Jungpil Seo, Allan H. MacDonald, B. An-
drei Bernevig, and Ali Yazdani, “Observation of majo-
rana fermions in ferromagnetic atomic chains on a super-
conductor,” Science 346, 602 (2014).
[17] J Shabani, M Kjaergaard, HJ Suominen, Younghyun
Kim, F Nichele, K Pakrouski, T Stankevic, Ro-
man M Lutchyn, P Krogstrup, R Feidenhans,
et al., “Two-dimensional epitaxial superconductor-
semiconductor heterostructures: A platform for topolog-
ical superconducting networks,” Physical Review B 93,
155402 (2016).
[18] H. J. Suominen, M. Kjaergaard, A. R. Hamilton, J. Sha-
bani, C. J. Palmstrøm, C. M. Marcus, and F. Nichele,
“Zero-energy modes from coalescing andreev states in
a two-dimensional semiconductor-superconductor hybrid
platform,” Phys. Rev. Lett. 119, 176805 (2017).
[19] Falko Pientka, Anna Keselman, Erez Berg, Amir Yacoby,
Ady Stern, and Bertrand I. Halperin, “Topological su-
perconductivity in a planar josephson junction,” Phys.
Rev. X 7, 021032 (2017).
[20] Michael Hell, Martin Leijnse, and Karsten Flensberg,
“Two-dimensional platform for networks of majorana
bound states,” Phys. Rev. Lett. 118, 107701 (2017).
[21] Michael Hell, Karsten Flensberg, and Martin Leijnse,
“Coupling and braiding majorana bound states in net-
works defined in two-dimensional electron gases with
6proximity-induced superconductivity,” Phys. Rev. B 96,
035444 (2017).
[22] Arbel Haim and Ady Stern, “The double-edge sword of
disorder in multichannel topological superconductors,”
arXiv preprint arXiv:1808.07886 (2018).
[23] Sean Hart, Hechen Ren, Michael Kosowsky, Gilad Ben-
Shach, Philipp Leubner, Christoph Bru¨ne, Hartmut Buh-
mann, Laurens W Molenkamp, Bertrand I Halperin, and
Amir Yacoby, “Controlled finite momentum pairing and
spatially varying order parameter in proximitized hgte
quantum wells,” Nature Physics 13, 87 (2017).
[24] Hechen Ren, Falko Pientka, Sean Hart, Andrew Pierce,
Michael Kosowsky, Lukas Lunczer, Raimund Schlereth,
Benedikt Scharf, Ewelina M Hankiewicz, Laurens W
Molenkamp, et al., “Topological superconductivity in
a phase-controlled josephson junction,” arXiv preprint
arXiv:1809.03076 (2018).
[25] Antonio Fornieri, Alexander M Whiticar, Setiawan Wen-
ming, El´ıas Portole´s Mar´ın, Asbjørn CC Drachmann,
Anna Keselman, Sergei Gronin, Candice Thomas, Tian
Wang, Ray Kallaher, et al., “Evidence of topological
superconductivity in planar josephson junctions,” arXiv
preprint arXiv:1809.03037 (2018).
[26] Michael Tinkham, Introduction to superconductivity
(New York: McGraw-Hill, 1975).
[27] Jason Alicea, Yuval Oreg, Gil Refael, Felix von Op-
pen, and Matthew PA Fisher, “Non-abelian statistics
and topological quantum information processing in 1d
wire networks,” Nat. Phys. 7, 412–417 (2011).
[28] David J. Clarke, Jay D. Sau, and Sumanta Tewari, “Ma-
jorana fermion exchange in quasi-one-dimensional net-
works,” Phys. Rev. B 84, 035120 (2011).
[29] Stephan Plugge, Asbjørn Rasmussen, Reinhold Egger,
and Karsten Flensberg, “Majorana box qubits,” New
Journal of Physics 19, 012001 (2017).
[30] Torsten Karzig, Christina Knapp, Roman M. Lutchyn,
Parsa Bonderson, Matthew B. Hastings, Chetan Nayak,
Jason Alicea, Karsten Flensberg, Stephan Plugge, Yuval
Oreg, Charles M. Marcus, and Michael H. Freedman,
“Scalable designs for quasiparticle-poisoning-protected
topological quantum computation with majorana zero
modes,” Phys. Rev. B 95, 235305 (2017).
[31] The animation is also available on YouTube:
https://www.youtube.com/watch?v=itb4gRoE2H4&
feature=youtu.be.
[32] D. A. Ivanov, “Non-abelian statistics of half-quantum
vortices in p-wave superconductors,” Phys. Rev. Lett. 86,
268–271 (2001).
7SUPPLEMENTARY MATERIAL
A. Further details on the braiding process
Here, we provide additional details on the proposed tri-junction setup and the protocol for initializing and braiding
MZMs. As discussed in the main text, the initialization and braiding process can be described as a trajectory in
the ϕ1,0 + ϕ2,0 + ϕ3,0 = 0 plane, shown in Fig. S1, where we also indicate special lines of constant ϕi,0 which play
an important role in the process. An animation showing the braiding process, both in real space and in the space
of {ϕi,0}, can be found here: https://www.dropbox.com/s/ps4hhfwvf1k483y/braiding_movie.avi?dl=0 [31]. We
start the process from a point labeled 1 in the plane. We then initialize the Majorana zero modes γb and γf to a
state of well defined parity, iγbγf = 1. This is done by moving to the point labeled as R in Fig. S1; at that point, the
entire junction 1 is in the trivial phase, and γb and γf are strongly coupled. We then move to the point labeled by L,
where γa, γe are initialized to a state of well-defined parity iγaγe = 1. The braiding process then consists of moving
around the trajectory 1 → 2 → 3 → 1, which interchanges γa and γb. The joint parity iγaγe can then be measured;
by the non-Abelian braiding rules for MZMs, the system is in an equal superposition of the states iγaγe = ±1, and
the result of the measurement can either be +1 or −1 with a 50% probability [32].
This protocol requires the ability to control the phases ϕi,0 within a minimal range. The parameters B⊥, B‖, and
L should be chosen such that the trajectory in Fig. S1 can be covered. For example, during the process, ϕ3,0 needs
to vary at least within the regime [−2ϕ+, ϕ−], where ϕ± are functions of B‖ [19]. The range of accessible ϕi,0 is
determined by the energy-phase relation of the junction. To illustrate how this range is calculated, it is useful to
consider the case where the energy-phase relation of the junction is sinusoidal, such that the potential in Eq. (1) of
the main text is given by V (ϕ) = J(1 − cosϕ); in that case, by Eq. (3) of the main text, the current through the
junction is given by
I˜i =
2pi
φ0
ˆ L
0
dxV ′
(
ϕ(x)
)
=
2pi
φ0
J
cos(ϕi,0)− cos(ϕi,0 + βL)
β
= Ic sin(ϕi,0 +
βL
2
), (S1)
where Ic =
4pi
φ0
J
sin( βL2 )
β is the critical current of the junction. Thus, tuning the current between −Ic and Ic allows to
set the phase ϕi,0 to any value in the range
[
−βL2 − pi2 ,−βL2 + pi2
]
. The range of accessible ϕi,0 can be calculated for
a more complicated energy-phase relation in a similar fashion.
Another requirement is that the energy gap in the junctions is sufficiently large, such that the MZM localization
length is much shorter than L. For this purpose, it is important that the three junctions are parallel to the direction of
the in-plane magnetic field over most of their length [19], as in Fig. 1(a). In addition, distance between the junctions
in junctions 1 and 2 of the device is required to be larger than the bulk superconducting coherence length.
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Figure S1. The plane ϕ1,0 + ϕ2,0 + ϕ3,0 = 0 in which the braiding takes place. Special lines of constant ϕ1,0, ϕ2,0, ϕ3,0 are
indicated by blue, green, and red lines; the corresponding values of the phases at the thick lines marked by (a)-(f) are shown
on the right. In order to perform the initialization, braiding, and measurement process, the three superconducting phases
ϕ1,0, ϕ2,0, ϕ3,0 need to be controlled at least within the range bounded by the pairs of lines (a,b), (c,d), and (e,f), respectively.
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Figure S2. The two geometries discussed in the text: (a) annular superconductor geometry, (b) SQUID geometry. In both
geometries, a flux φ is threaded through the hole at the center. The bright region denotes the junction. The current path is
shown in arrows, and the locations of the MZMs are indicated by diamonds. The distance between the MZMs is of the order
of λJ in both geometries. The SQUID drawn has two identical junctions, but that does not have to be the case.
B. The position of MZMs in the presence of screening currents
So far, we mostly focused on the limit where the junction is much shorter than λJ , such that screening currents may
be neglected. Here, we comment on the position of the MZMs in cases where the junction is long. For simplicity, we
initially assume that no perpendicular magnetic field is externally applied (although such a field may be created by
the screening currents). We distinguish between two geometries - the flux loop and the current-driven SQUID. The
flux loop is made of an annular superconductor that encloses a Josephson junction, with a flux |φ| < φ0/2 threading
at the center of the annulus (see Fig. S2). Were the loop made of a uniform superconductor, the flux would have
been screened by a screening current flowing at the interior side of the annulus, within a London distance λL from
the edge. within the Josephson junction, that distance is replaced by λJ , which is typically much larger than λL.
The phase configuration within the junction is determined by Eq. (1) of the main text, with ϕ(x = 0) = 2piφ/φ0 and
∂xϕ(x = L) = 0. For L  λJ , the phase evolves from 2piφ/φ0 at the interior edge to ϕmin, the minimum point of
V (ϕ). For small values of B||, before the first order phase transition, ϕmin ≈ 0. When ϕ− < ϕ(x = 0) < ϕ+, part
of the junction is in a topological state, and there is one MZM centered near x = 0 and another one centered at the
point where the phase takes the value ϕ(x) = ϕ−, on its way to the asymptotic value ϕmin.
The situation is different in a SQUID geometry, where current is driven through two junctions of an interference
loop, and each junction encloses a Josephson junction. As long as the arms of the SQUID are wider than λL, the
current flows within λL of the exterior side of the two arms (see Fig. S2). When the current crosses the junctions, it
spreads into a distance of λJ away from the exterior edge of the junction. Thus, in this geometry the phase varies
close to the exterior edge, and takes the value ϕmin at distances larger than λJ from that edge. The value of the phase
at x = L is determined by the current driven through the SQUID. When that value satisfies ϕ− < ϕ(x = L) < ϕ+
part of the junction is in the topological phase, one MZM is at x = L and another is where ϕ(x) = ϕ−.
In either geometry, when the flux through the junction is larger than one flux quantum, the junction carries Josephson
vortices. The properties of these vortices and the positions taken by the MZMs they carry are described in the main
text.
